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Let the group G act on the set X. We will call the set Y a countable 
section if each Gx n Y is countable. P. Forrest showed in [2] that if a locally 
compact separable metrizable group G acts freely on a standard measurable 
space (X, &) with quasi-invariant probability measure ,u, then there is a 
countable section Y which is in &, and such that the set GY, which is the 
image of G X Y by a measurable function and therefore p-measurable, has p- 
measure 1; in the terminology of [ 11, Y is a complete measurable countable 
section. We prove the following converse to Forrest’s result: 
THEOREM A. Let (G, 9) be an analytic measurable group and (X, d) 
an analytic measurable space on which G acts freely and measurably. 
Suppose ,u is a quasi-invariant probability measure on (X, zf’) and that Y is 
a measurable countable section in X whose saturation GY is of positive 
measure for ,u. Then (G, S) has a quasi-invariant probability measure. 
The generalization from “standard” to “analytic” is just a matter of 
convenience in the proof. Forrest’s result actually holds in that generality 
too. 
Note that the existence of a finite quasi-invariant measure is, by Mackey 
[3], equivalent to the existence of a locally compact topology for which 9 is 
the u-algebra of Bore1 sets. 
In [ 11, the following example is discussed. Let X= C”‘, where C is the l- 
torus and N the positive integers. Let p be the Haar measure on this compact 
group. Let G = {x E X: x(n) = 1 for all but finitely many ni, and let 
9 = d/G. Let G act on X by translation. This action is measurable, free, 
and measure preserving. It is stated in [l] that the equivalence relation 
obtained from this action is not a hyperfinite ergodic equivalence relation. 
A. Connes pointed out (in conversation) that the proof there is incomplete. 
However, it is easy to prove the sharper statement that in fact this action 
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does not even have a complete measurable section. A short direct proof of 
this was concocted by one of us, with some assistance from Klaus Schmidt, 
while they were both attending a lecture on another subject. But in view of 
Theorem A, it suffices to show that the measurable structure on G does not 
allow a quasi-invariant probability measure. This fact is immediate from the 
following remark. 
Remark B. Suppose (G, 29) is a measurable group with quasi-invariant 
probability measure V. If G,, G,,... are measurable subgroups of G whose 
union is G, then there is some n for which G/Gn is countable. 
Proof. Choose n so that v(G,) > 0. Then each v( gG,) > 0, so G/G, is 
countable. I 
Another natural example of a standard measurable group which, by 
Remark B, cannot be made locally compact is G = the set of sequences of 
real numbers which vanish from some point on, with its natural measurable 
structure. This group can be embedded as a measurable subspace of any 
infinite-dimensional topological vector space X, where it acts by translation. 
There are usually lots of quasi-invariant probability measures; but if the 
measurable structure on X is standard, as is the case if X is a separable 
Banach space, for instance, then none of these actions will have a complete 
measurable countable section. 
Proof of Theorem A. Let Q denote the action map, 4: G X X+X. Since X 
and G are analytic, Y is in & and the action is measurable, the set 
GY = #(G x Y) is analytic. Thus our hypotheses are not lost if we replace X 
by GY, i.e., assume X = GY. Then there is a conull X, E & and a 
measurable “selection” 8: X,, 4 G x Y, i.e., 4 o t? = identity on X0: this 
follows from the von Neumann Selection Lemma [5, Lemma 5, p. 448; 3, 
Theorem 6.3, p. 1431. Let p and q be the projections from G x X onto G and 
X, respectively, and define f = q 0 0. For x E X,, , e(x) is some (g, y) with 
gy = x, and f(x) = y = g- ‘x is on the orbit of x. 
Define p’=p(X, and ,E=~‘of-~. Decompose p’ relative to f:,~‘= 
j,u,&(y). If Y,= {yE Y: ,u~(~-‘(~))=PJX,)= l}, then Y,E&‘( Y and 
,E(Y,) =@(Y) = 1. Thus the set X, =f-‘(Y,) E M’ (X, and ,u(X,) = 1; and 
by definition we have f(X,) = Y,. We can replace ,u’ by ,u 1 X, without 
changing any ,u,, or Y,. (Since f -‘(YJ c GY,, Y, is a complete countable 
section.) 
Let R c Y, x Y, be the equivalence relation induced by the action of G, 
and for y E Y, let yy be “counting measure” on the equivalence class of y in 
Y, , Gy f7 Y,. Then define the measure v,, on R by Y, = IS,, x yy @(y), where 
6, is a point mass at y. The projection from R to Y, is countable-to-one, so a 
countable transfinite induction using the von Neumann Selection Lemma will 
prove the existence of a conull measurable subset of Y, such that the portion 
601/55/3-2 
226 FELDMAN AND RAMSAY 
of R which projects onto this set has a countable partition into measurable 
sets on each of which the projection is one to one; hence vO is a-finite. Thus 
there is a strictly positive measurable function p such that v1 =pv,, is a 
probability measure. For y E Y,, let yy =pyy. Then fi-almost every yi is 
finite, and y’ - y implies y{’ = yy. 
For xEX,, define 1, = (pu, d*‘“‘(z). Since P, is concentrated on 
f-‘(z) c Gz for all z E Y,, and since 7: is always discrete, 2, is for all x a 
u-finite measure concentrated on Gx. Since y: is g-almost always tinite, 1, is 
p-almost always finite; in fact, a calculation shows J”n, C&(X) = 1. If 
x’ E Gx nX, and x E X,, then f(x) - f(x’), so $(:1x, - fl”‘) and 1, is 
equivalent to AxI. 
For x E X, g ++ gx maps G one-one onto Gx, and the inverse map carries 
1, to a measure 14 on G. Define 1’ = Ini &(x). 2’ will be the desired 
measure; it again has total mass 1, and we need to show that it is quasi- 
invariant under right translation. 
Let E = {(gx, x): g E G,x E X} CX x X. Then E is an analytic 
equivalence relation. As a groupoid, G xX is isomorphic to E by the map 
(g, x) E+ (gx, x). Let w: E + G X X be the inverse isomorphism. Let E, = 
E/X, = E n (X, X Xi). The measures jl, x 6, on E, are right quasi- 
invariant: (2, x 6,) o (x,x’) = A, x S,, - A,, x 6,, when x, x’ are in X, and 
x -x’. Define n; on G by the equation n: X 6, = ~(1, X 6,) whenever 
x E X,. Since w  is a groupoid isomorphism, the measures A; X 6, are right 
quasi-invariant on (G XX) (X, = {(g, x): x and gx E X,}; and, by the 
definition of the groupoid multiplication, (A;, x s,,) o (g, x) = (& 0 g) X 6,. 
so nix 0 g - 2: whenever x, gx E Xi. Now let ;1’ = l p(Ak) d,(x). To show 
that A’ o g -A’ for g E G, we notice that X, f7 gX, is conull in X, so 
Remark C. It is easy to see that if (G,9) is a standard measurable 
group and (X, ./) is a standard measurable space on which G acts freely, 
and p is a quasi-invariant ergodic measure, then the equivalence relation 
thereby obtained will be an ergodic equivalence relation in the sense of 
Mackey (41 if and only if G has a quasi-invariant probability. In fact, we 
can dispense with the freeness of the action: G XX will be a measured 
groupoid whose measure A projects to ,u, if and only if G has a right quasi- 
invariant probability. The argument is just a repeat of the last few lines of 
the previous proof: 
For x E X, let ni be the projection to G of L,. Since A is right quasi- 
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invariant on G X X, for each g E G we have nix 0 g - A$ for almost every x 
and hence IL: L&(X) is right quasi-invariant on G. I 
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